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Abstract
In order to gain new insights into the gauge field couplings in the early universe, we
consider the constraints on gauge field production during inflation imposed by requiring
that their effect on the CMB anisotropies are subdominant. In particular, we calculate
systematically the bispectrum of the primordial curvature perturbation induced by the
presence of vector gauge fields during inflation. Using a model independent parametriza-
tion in terms of magnetic non-linearity parameters, we calculate for the first time the
contribution to the bispectrum from the cross correlation between the inflaton and the
magnetic field defined by the gauge field. We then demonstrate that in a very general
class of models, the bispectrum induced by the cross correlation between the inflaton
and the magnetic field can be dominating compared with the non-Gaussianity induced by
magnetic fields when the cross correlation between the magnetic field and the inflaton is
ignored.
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1 Introduction
Recent data from the Planck satellite has verified the paradigm of single field slow roll inflation
to unprecedented high precision [1, 2]. This alone is a great success, but it also provides new
nontrivial constraints on other degrees of freedom, which we either know are there in the
post-inflationary universe (neutrinos [3–7], magnetic fields [8–11], dark matter [12–16], dark
energy [17–20], etc.) or which we have some reasons to believe could be present even during
inflation, such as in multi-field models of inflation [21,22], the curvaton model [23–25], or models
of inflationary magnetogenesis [26–33]. In the present paper we will focus on the constraints
imposed on a U(1) vector field coupled to the inflaton, coming from the observational constraints
on non-Gaussianity in the CMB. For the applications in this paper, this could be a completely
general U(1) vector field, but the applications of the results presented below are especially
interesting when one identifies the vector field with the one of elect! romagnetism.
Cosmic magnetic fields with a coherent scale as large as 100 kpc and a strength of order µG
has been established to be present in galaxies and clusters of galaxies [34–36]. It is believed
that the origin of such magnetic fields might be due to an enhancement of pre-existing small
magnetic fields, called seed fields, due to the dynamo mechanism. It is generally assumed that
these seed fields need to have a strength larger than about 10−20 Gauss in order for the dynamo
mechanism to work [26], although it has been claimed that this lower bound can be significantly
relaxed in the presence of dark energy [37]. Two possible explanations for the origin of such
seeds exists. One is the possibility that conformal invariance of electro-magnetism is broken
sufficiently during inflation, in order to enhance quantum fluctuations of the U(1) vector field
and generate the seed magnetic fields at the end o! f inflation [26–32]. Another possibility is
that the seeds are generated after inflation, f.ex. during a phase transition or from the Bierman
battery mechanism [10]. Recently there has however been a claimed indirect observation of
femto Gauss magnetic fields with a coherence length of super Mpc scales [38–40]. If this is
true, this could pose a problem for mechanisms which generates the magnetic seeds by causal
processes after inflation, since the coherence length of such magnetic fields are limited by the
horizon at the time of generation, and is typically too small to explain magnetic fields with a
coherence length larger than the Mpc scale. This might suggest that the magnetic seeds are
generated during inflation.
However, it is a challenge for inflationary magnetogenesis to identify a source that breaks
sufficiently the conformal invariance of electro-magnetism during inflation. If the conformal
invariance would be unbroken, then the vector field perturbation would not get enhanced during
inflation, and no significant magnetic fields would be generated. One of the simplest and
most popular models for breaking the conformal invariance during inflation is to add a non-
minimal coupling between the gauge kinetic term FµνF
µν and the inflaton, φ, of the form
λ(φ)FµνF
µν [26–32]. Backreaction provides a simple constraint on the magnetic field generated
during inflation in this type of models, although in principle inflationary attractor solutions
dominated by the gauge field energy density may also exist [41]. In order not to disturb the
standard inflationary picture we must require that the energy density in the magnetic field ρB
is smaller than the total energy density ρ during inflation, while at the same time staying in a
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perturbative regime in order to avoid the strong coupling problem [42,43]. In fact, it has been
demonstrated that the generation of significant seed magnetic fields from inflation seems to
require low-scale inflation [43]. However, the fluctuating magnetic field also contributes to the
total curvature perturbation, ζ, and since the perturbations from the magnetic field are non-
Gaussian this leads to additional strong constraints on the strength of magnetic fields generated
during inflation [44–46].
In addition, due to the non-minimal coupling between the inflaton and the vector field,
models of the type λ(φ)FµνF
µν will also induce non-trivial correlations between the inflation
fluctuations and the magnetic field. Such cross correlations was recently studied in [47–52],
and in [49] it was suggested that such cross correlations could be parametrized in a model
independent way in terms of a magnetic non-linearity parameter, bNL of the form 〈ζ B ·B〉 ∝
bNLPζPB analogous to the definition of fNL, where here Pζ and PB are the power spectra of
the curvature perturbation and the magnetic field respectively. In fact one can derive a new
“magnetic consistency relation” in terms of the parameter bNL [49, 50]
In the work presented here, we will analyze the induced non-Gaussianity in the CMB from
such cross-correlations between the inflation fluctuations and the magnetic field in the general
class of models where the gauge field action takes the form
Lgauge = λ(φ)FµνF µν . (1.1)
The general analysis allows to use the level of induced non-Gaussianity to constrain the possible
forms of the coupling λ(φ). As a benchmark model, we will also calculate the induced non-
Gaussianity from cross-correlations in the extensively studied models where the coupling λ(φ)
takes a power law form. This new contribution which will turn out to be the dominant non-
Gaussian contribution in certain shapes.
As already mentioned above, the non-Gaussianity induced by the magnetic field, when
ignoring the cross-correlations with the inflaton, has already been studied extensively the lit-
erature in the specific λ(φ)FµνF
µν models with a power law coupling λ(φ) [44–46]. In order to
understand the relation between the different results in the literature and the results presented
here, let us write the total curvature perturbation in terms of the curvature perturbation in the
inflaton fluid, ζφ, and in the magnetic field fluid, ζ˜B, as
1
ζ = −Hδρφ + δρB
ρ˙
≡ ζφ + ζ˜B . (1.2)
At the background level ρ = ρφ as we assume a vanishing v.e.v. for the magnetic field. However,
at first order in perturbations the average energy density of the magnetic field fluctuations gives
an effective background component ρB ≡ 〈δρB〉. Considering fluctuations over the average value
we can define the intrinsic curvature perturbation of the magnetic fluid as
ζˆB =
ρ˙φ
ρ˙B
ζ˜B . (1.3)
1Note that our ζ˜B is ignored in the analysis of both [44,45], where only the sourcing of ζφ from the interaction
of φ with the vector field is considered, which is an inconsistent approximation as we will now see.
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Consider the time derivative of ζ, to see how it grows with time. It is well known that in
the absence of direct coupling between the fluids, the curvature perturbation in each fluid is
separately conserved on superhorizon scales and we have ζ˙φ ' ˙ˆζB ' 0, while in the presence of
sources we have
˙δρφ + 3H(δρφ + δpφ) = −Q
˙δρB + 3H(δρB + δpB) = Q . (1.4)
From the continuity equation of the electromagnetic field in the regime where the magnetic
fields dominates the electromagnetic energy density, we have [50]
˙δρB + 4HδρB =
λ˙
λ
δρB , (1.5)
it follows that the energy transfer term is given by
Q =
λ˙
λ
δρB . (1.6)
From (1.4) it follows that
ζ˙φ = 3
H2
ρ˙φ
(δpφ − p˙φ
ρ˙φ
δρφ) +H
Q
ρ˙φ
≈ H Q
ρ˙φ
˙ˆ
ζB = 3
H2
ρ˙B
(δpB − p˙B
ρ˙B
δρB)−H Q
ρ˙B
− Q˙
ρ˙B
ζˆB ≈ −H Q
ρ˙B
− Q˙
ρ˙B
ζˆB (1.7)
where in the last steps we assumed that the intrinsic non-adiabatic pressure in the two fluids
vanishes. We have also neglected slow roll suppressed terms proportional to H˙.
Now we can compute ˙˜ζB, which gives
˙˜ζB = −H Q
ρ˙φ
− H
ρφ + pφ
(
δpB − p˙φ
ρ˙φ
δρB
)
≡ −H Q
ρ˙φ
− H
ρφ + pφ
δPnad . (1.8)
Thus, clearly if we were to compute ζ˙, the source term, Q, cancels out and we obtain
ζ˙ = ζ˙φ +
˙˜ζB = − H
ρ+ p
δPnad. (1.9)
This is in agreement with [46], but in general inconsistent with assuming ˙˜ζB = 0 and considering
only the source term on ζφ as in [44, 45] (see appendix A for further discussion of this point).
From equation (1.7) we see that the curvature perturbations of the inflaton fluid and the
magnetic fluid evolve only if the coupling λ is changing in time. However, as the total curvature
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perturbation (1.2) is not just a sum of ζφ and ζˆB but their sum weighted by the ratios of the
individual fluid energies the curvature perturbation evolves even if ζφ and ζˆB are constant but
the fluid energies ρφ and ρB evolve differently.
As we will discuss in section 4, the non-adiabatic pressure, δPnad, is proportional to the
strength of the magnetic field squared, B2. By integration of equation (1.9), we see that
there are two distinct contributions to the curvature perturbation. There is a contribution
proportional to the magnetic field squared, B2, obtained by integrating the the non-adiabtic
pressure on super-horizon scales, which we will label ζB. In addition there is a constant of
integration which is the contribution to the curvature perturbation at horizon crossing, which
is independent of the magnetic field and given by the inflation fluctuation. We will label this
constant of integration ζ0. We can the write the total curvature perturbation simply as
ζ = ζ0 + ζB , (1.10)
where ζ0 is given by ζφ evaluated at horizon crossing, and ζB is the super-horizon contribution
determined by the non-adiabatic pressure, which is proportional to B2.
While the correlation function
〈ζBζBζB〉 (1.11)
which contributes to the observable 〈ζζζ〉, parameterized by the non-linearity parameter fNL,
was computed in [46] (see also [44,45]), the correlation between ζ0 and ζB is to our knowledge
neglected in all of the previous work. As can be seen from equation (1.10), the three point
function of the total curvature perturbation ζ also receives contributions from terms of the
form
〈ζ0ζBζB〉 , 〈ζ0ζ0ζB〉 . (1.12)
The main point of this paper is to calculate the cross correlation contributions. In section 4,
we will see that these terms can give the dominant contribution to the observable 〈ζζζ〉, even
larger than the contribution
from 〈ζBζBζB〉 computed in [46]. Since δPnad is proportional to the strength of the magnetic
field squared, B2, the correlators of the type shown in (1.12) will be given in terms of cross
correlation function of the magnetic field with the curvature perturbation〈
ζ0ζ0B
2
〉
,
〈
ζ0B
2B2
〉
. (1.13)
In a specific model these correlators will have to be computed in the in-in formalism [53]
going beyond linear perturbation theory, which for every new model can a tedious calculation.
However, in the next section, we will discuss how these correlation functions can be parametrized
in terms of magnetic non-linearity parameters in a model independent way, and in section 3 we
will show how to evaluate them.
The paper is organized as follows. In the next section introduce the magnetic non-linearity
parameters, and show how the cross correlation functions of the curvature perturbation with
the magnetic field can be parametrized in a model independent way. In section 3 we evaluate
these model independent cross-correlation functions. In section 4, we find the induced non-
Gaussinity from the cross correlation functions, and in section 5 we also consider the size of
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these cross correlation functions in the specific models where the coupling λ(φ) in λ(φ)FµνF
µν
takes a power law form. Finally, in section 6, we conclude and summarize our results.
2 The magnetic non-linearity parameters
If we define the cross-correlation bispectrum of the curvature perturbation with the magnetic
fields as
〈ζ0(k1)B(k2) ·B(k3)〉 ≡ (2pi)3δ(3)(k1 + k2 + k3)BζBB(k1,k2,k3) , (2.1)
then is has previously been proposed, that it is convenient to define the magnetic non-linearity
parameter bNL, in terms of the cross-correlation function of the curvature perturbation with
the magnetic fields
BζBB(k1,k2,k3) ≡ 1
2
bNLPζ(k1) (PB(k2) + PB(k3)) , (2.2)
where Pζ and PB are the power spectra of the comoving curvature perturbation and the mag-
netic fields, defined respectively as
〈ζ(k)ζ(k′)〉 ≡ (2pi)3δ(3)(k + k′)Pζ(k), (2.3)
〈B(k) ·B(k′)〉 ≡ (2pi)3δ(3)(k + k′)PB(k). (2.4)
Similarly we may also introduce the magnetic trispectrum
〈ζ0(k1)ζ0(k2)B(k3) ·B(k4)〉 ≡ (2pi)3δ(3)(k1 + k2 + k3 + k4)TζζBB(k1,k2,k3,k4) , (2.5)
which can be parametrized in terms of new magnetic non-linearity parameters βNL and cNL,
TζζBB(k1,k2,k3,k4) ≡ βNLPζ(k1)Pζ(k2)PB(k13) + 2
3
cNLPζ(k1)Pζ(k2)PB(k4) + perm., (2.6)
In the case where bNL is momentum independent and quantum interference effects around
horizon crossing can be ignored, it takes a “local” form which can be derived from the relation
B = B(G) +
1
2
blocalNL ζ0B
(G) +
1
6
clocalNL ζ0ζ0B
(G) (2.7)
with B(G) and ζ0 being Gaussian fields. With this local ansatz one obtains that the βNL term
in the trispectrum is given by
βlocalNL =
1
2
(blocalNL )
2 . (2.8)
There are interesting limits where indeed the magnetic bispetrum and trispectrum can be
derived from semiclassical considerations, and in these ”squeezed” limits the magnetic non-
linearity parameter takes the local form. It has previously been shown that in the squeezed
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limit, where the momentum of the curvature perturbation vanishes, i.e., k1  k2, k3, the
bispectrum in fact takes the form
〈ζ0(k1)B(k2) ·B(k3)〉 = blocalNL (2pi)3δ(3)(k1 + k2 + k3)Pζ(k1)PB(k2) , (2.9)
with blocalNL = nB − 4 where nB is the spectral index of the magnetic field power spectrum, in
agreement with the magnetic consistency relation, which was derived in [49,50]. In the case of
a scale invariant spectrum of magnetic fields, nB = 0, we have b
local
NL = −4 (see also appendix
B).
Another interesting limit which maximizes the three-point cross-correlation function is the
flattened shape where k1/2 = k2 = k3. In this limit it turns out that the signal is enhanced by
a logarithmic factor in agreement with [47–50]. On the largest scales the logarithm will give an
enhancement by a factor 60. Thus, for a flat magnetic field power spectrum, the non-linearity
parameter in the flattened limit becomes |bNL| ∼ O(103) depending on the scale.
3 Three-point cross-correlation functions
Since the electromagnetic part of the perturbed action contains only terms of the form A2ζn,
see equation (1.1), the curvature perturbation generated the magnetic fields is of the form
ζB ∝ BiBi/(H2M2P). The magnetic fields generated during inflation obey a Gaussian statistics
to leading order in perturbations so that the induced curvature perturbation ζB is a non-
Gaussian field.
To estimate the contribution of magnetic fields to the bispectrum of primordial density
fluctuations we should consider three-point functions of the form.
〈ζ0(k1)ζ0(k2)B2(k3)〉 , 〈ζ0(k1)B2(k2)B2(k3)〉 , 〈B2(k1)B2(k2)B2(k3)〉 . (3.1)
To lowest order in perturbations, the amplitudes of the two first correlators depend on the
parameters bNL and cNL in the expansion (2.7) while the last correlator only depends on the
amplitude of magnetic fields.
The two-point function of the magnetic fields is given to lowest order in perturbations by,
〈Bi(k)Bj(k′)〉 = (2pi)3δ(k + k′)1
2
(
δij − kikj
k2
)
PB(k) . (3.2)
For simplicity, we assume the scale and time dependence of the magnetic spectrum can be
parameterized by a power law as
PB(k) =
CB
λ(η)
(−kη)4−2nk−3 , (3.3)
where CB is a constant. The power law spectrum of magnetic fields is obtained in the extensively
studied class of models with L = λ(φ)FµνF µν and a power law form for the coupling λ ∝ an.
However, in this case the coefficients bNL and cNL, which are determined by the derivatives of the
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coupling λ(φ) [49], are not independent free parameters, and therefore constraints on bNL and
cNL are of limited use. In the general case where bNL and cNL are treated as free parameters, but
the form of the spectrum is still assumed to take the power-law form (3.3), it is then evident,
that we are implicitly concentrating on a limited class of models. However, it can be shown
that an approximatively power law spectrum can be obtained in models with L = λ(φ)FµνF µν
for couplings of the form λ(a) = λ(a0)(1− bNLln(a/a0) + . . .) (see appendix B). More generally
one could think that for example deviations from Bunch-Davies vacuum or models with extra
degrees of freedom could effectively yield a power law spectrum for magnetic fields while still
featuring the coefficients bNL and cNL in (2.7) as independent parameters.
With this being said we will here adopt a purely phenomenological approach simply assum-
ing the magnetic spectrum takes a power law form and investigating the constraints on the
bNL and cNL in the parametrization (2.7). The case n = 2 in (3.3) then corresponds to a scale-
invariant spectrum PB ∝ k−3. Here we will concentrate on the regime n > −1/2 to eventually
connect with the regime of strongly coupled magnetic fields. The results in the other regime
can be obtained by use of the electromagnetic duality, which with the power-law assumption
for λ leaves the result invariant under a simultaneous exchange of the electric and magnetic
field and n→ −n [54–56].
3.1 Correlators of the form 〈ζ0ζ0B2〉
Using the definition (2.6), we find to lowest order in perturbations the result
〈ζ0(k1)ζ0(k2)B2(k3)〉c = (2pi)3δ(k1 + k2 + k3)Pζ(k1)Pζ(k2)
(
βNL +
2
3
cNL
)∫
k0<q<aH
dq
(2pi)3
PB(q) + 2p.
(3.4)
which with the local ansatz becomes
〈ζ0(k1)ζ0(k2)B2(k3)〉c = (2pi)3δ(k1+k2+k3)Pζ(k1)Pζ(k2)
(
1
2
(blocalNL )
2 +
2
3
clocalNL
)∫
k0<q<aH
dq
(2pi)3
PB(q)+2p.
(3.5)
Here k0 = a0H0 denotes the horizon scale at the onset of magnetic field generation and aH is
the horizon scale at the time when the correlators are evaluated. We have only included the
connected part of the correlator and Pζ denotes the spectrum of the Gaussian part of curvature
perturbations generated independently of the magnetic fields.
Using the expression (3.3) for the magnetic spectrum, the integral in (3.5) can be easily
computed and one finds
〈ζ0(k1)ζ0(k2)B2(k3)〉c = (2pi)3δ(k1 + k2 + k3)Pζ(k1)Pζ(k2)PB(k0)× (3.6)(
1
2
(blocalNL )
2 +
2
3
clocalNL
)
1
4− 2n
((
aH
k0
)4−2n
− 1
)
+ 2p.
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In the scale-invariant case n = 2 this reduces to the form
〈ζ0(k1)ζ0(k2)B2(k3)〉c = (2pi)3δ(k1 + k2 + k3)Pζ(k1)Pζ(k2)PB(k0)× (3.7)(
1
2
(blocalNL )
2 +
2
3
clocalNL
)
ln
(
aH
k0
)
+ 2p.
3.2 Correlators of the form 〈ζ0B2B2〉
As the Lagrangian does not contain higher order terms in the vector field than quadratic, the
correlation functions of the type 〈ζ0B2B2〉 only receives a contribution from contractions of the
form
〈ζ0(k1)B2(k2)B2(k3)〉 = 4
∫
d3q1
(2pi)3
∫
d3q2
(2pi)3
〈ζ(k1)Bi(k2 − q1)Bj(k3 − q2)〉〈Bi(q1)Bj(q2)〉 ,
(3.8)
In order to evaluate this expression, we write 〈ζ0(k1)Bi(p)Bj(r)〉 as the most general tensor
function of k1, p and r with p = k2 − q1 and r = k3 − q2 (see appendix C) ,
〈ζ0(k1)Bi(p)Bj(r)〉 = (2pi)3δ(3)(k1 + p + r) [A(δij pˆ · rˆ − rˆipˆj) +D(pˆ× rˆ)i(rˆ × pˆ)j
G((pˆ× rˆ)i(pˆj − rˆj pˆ · rˆ)− (pˆ× rˆ)j(rˆi − pˆipˆ · rˆ)) (3.9)
+J(pˆipˆ · rˆ − rˆi)(pˆj − rˆj pˆ · rˆ)]Pζ(k1)
√
PB(p)PB(r) (3.10)
where A, D, F , and J are general scalar functions of k1, p, and r.
The magnetic non-linearity parameter bNL is given by the trace of this tensor (see appendix
C), and within this parametrization, the D, F , and the J terms vanishes in the squeezed limit
k1 << k2, k3. This implies that in the squeezed limit, we can identify A with b
local
NL in the
following way, blocalNL = −2A.
In the most general case, one obtains
〈ζ0(k1)B2(k2)B2(k3)〉 = 2(2pi)3δ(3)(k1 + k2 + k3)
∫
d3q
(2pi)3
Pζ(k1)PB(q)
√
PB(p)PB(r)
× [A(pˆ · rˆ + (pˆ · qˆ)(rˆ · q)) +D((pˆ× rˆ) · (rˆ × pˆ)) (3.11)
+J((pˆ · rˆ)− (pˆ · rˆ)3 − ((qˆ · pˆ)(pˆ · rˆ)− qˆ · rˆ)(qˆ · pˆ− (qˆ · rˆ)(pˆ · rˆ)))] .
Thus, from a computation of the correlation function of the cross correlation of the vector
mode with the curvature perturbation, 〈ζ0(k1)Ai(k2)Aj(k3)〉, in any specific model, we can
then directly read of the coefficients A,D, J , as explained in the appendix C.
It is interesting to note that the symmetry arguments of [51] can be used as a consistency
check of the tensor structure of the leading logarithmic divergent contribution to these coeffi-
cients. The conformal symmetry of the future boundary of de Sitter space fixes the asymptotic
tensor structure of (3.9), (3.11), and in the case of scale invariant magnetic fields with n = 2
one has for the leading logarithmically divergent term A = −(rˆ · pˆ)D and G = J = 0, as is
discussed in more details in appendix C and applied in the folded shape in (5.18). However,
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in the squeezed limit, these leading logarithmic terms are suppressed by a factor of k31, which
vanishes in the exactly squeezed limit k1 → 0, and in this limit we can instead identify A with
−blocalNL /2, which is obtained from the magnetic consistency relation [49,50], as mentioned above.
In section 5.2 we will carry out the angular integral and evaluate the correlation function in
an explicit benchmark model. But for illustrative reasons, we consider some simplified shapes
below. First we consider the case where (2.2) is maximal in the squeezed limit with a scale
invariant bNL, controlled by A (as well as in the flat limit), and then we consider the case where
(2.2) is maximal in the orthogonal shape again with a scale invariant bNL, which is controlled
by D. Note that the J term vanishes is these two limits, and describes shapes which interpolates
between the squeezed or folded shape and the orthogonal shape.
Squeezed limit
As mentioned above, in the squeezed limit the D, F , and the J terms vanish, and due to
momentum conservation we are lead to taking also the squeezed limit of (3.9) under the integral.
Thus in the squeezed limit k1 << k2, k3, we can evaluate correlators of the form 〈ζ0B2B2〉 on
superhorizon scales as
〈ζ0(k1)B2(k2)B2(k3)〉c(t) = (2pi)3δ(k1+k2+k3)APζ(k1)
(
(aH)2n−4
λ
)2
C2BI(k2, t)+5p. , (3.12)
where we can use that blocalNL = −2A in the squeezed limit. Recall that CB denotes the amplitude
of the magnetic spectrum according to equation (3.3). The function I(k, t) denotes a momentum
integral given by,
I(k, t) =
∫
dq
(2pi)3
q1−2n|k− q|1−2n
(
1 +
(q · (k− q))2
q2|k− q|2
)
Θ(aH − q)Θ(q − k0) (3.13)
×Θ(aH − |k− q|)Θ(|k− q| − k0) .
As before, aH is the horizon scale at the time t when the correlator is evaluated and k0 ≡ a0H0
is the horizon at the time t0 when we assume the generation of the magnetic fields starts.
The integral can be computed analytically and for modes well outside the horizon, aH 
k  a0H0, the result is approximatively given by
I(k, t) =
k5−4n
4pi2
(
C1(n, k) + C2(n, k)
(
k0
k
)4−2n
+ C3(n, k)
(
aH
k
)5−4n)
. (3.14)
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Here we have defined the coefficients as
C1(n, k) =
√
pi42n−3Γ(3− 2n)
(2n− 3)Γ(7/2− 2n)
(
1 +
1
cos(2pin)
)(
1 +
3 + (4− 2n)(2− 2n)
(1− 2n)2
)
(3.15)
C2(n, k) = − 16
3(4− 2n)
(
1 +
18(2− n)
5(3− n)
(
k0
k
)2
+
1026(2− n)
35(4− n)
(
k0
k
)4
+O
(
2− n
5− n
(
k0
k
)6))
C3(n, k) =
4
5− 4n
(
1− 3(5− 4n)
8(3− 4n)
(
k
aH
)2
+
51(5− 4n)
640(1− 4n)
(
k
aH
)4
+
55(5− 4n)
21504(1 + 4n)
(
k
aH
)6
+O
(
5− 4n
3 + 4n
(
k
aH
)8))
.
The result holds in the strong coupling regime n > −1/2. In the coefficients C2 and C3 we have
retained the higher order terms which diverge for some values of n. The divergences cancel the
divergences of the constant C1 for the corresponding values of n so that the full result (3.14) is
finite.
In the scale-invariant case n = 2, the result (3.14) reduces to a simple logarithmic form. The
squeezed limit correlator 〈ζB2B2〉 for the scale-invariant case is then given by the expression
〈ζ0(k1)B2(k2)B2(k3)〉c = (2pi)3δ(k1 + k2 + k3)blocalNL Pζ(k1)PB(k2)PB
[
5
9
− 4
3
ln
(
k2
k0
)]
+ 5p.
(3.16)
Note that here we have used the definitions (2pi2)Pζ(k)/k3 = Pζ(k) and (2pi2)PB(k)/k3 = PB(k).
Orthogonal shape
Another simple example is case of a scale-independent borthogonalNL . As evident from (C.8), the
D term is related to the orthogonal shape where k2 · k3 = 0 in (2.2). In the case of k2 = k3, it
follows from (C.8) that,
D = borthogonalNL (3.17)
while we will set A = J = 0. With this ansatz, we can carry out the angular integrals in the
scale-invariant limit (for nB = 0), in order to obtain
〈ζ0(k1)B2(k2)B2(k3)〉c = (2pi)3δ(k1 + k2 + k3)borthogonalNL Pζ(k1)PB(k2)PB (3.18)
×2
3
[
−1 + ln(2) + ln
(
k2
k0
)]
+ perm.
3.3 Correlators of the form 〈B2B2B2〉
Correlators of this form have been examined in [46, 57] and we will make use of these results.
For n > 1/2 the magnetic spectrum (3.3) is infrared divergent. The convolution integral over a
product of three PB(qi)’s in 〈B2B2B2〉 can then be approximated by the contributions around
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the three poles of the integrand. Assuming furthermore that all the wavenumbers are of equal
magnitude ki ∼ k, this gives the result [46]
〈B2(k1)B2(k2)B2(k3)〉c
∣∣∣
ki∼k
= (2pi)3δ(k1 + k2 + k3)PB(k)
2PB(aH)× (3.19)
1 + cos2(k1,k2)
6− 3n
((
k
aH
)4−2n
−
(
k0
aH
)4−2n)
+ 2p.
Here aH is the horizon scale at the time when the correlator is evaluated and k0 = a0H0 denotes
the horizon scale as the generation of magnetic fields started.
4 Curvature perturbation induced by the magnetic fields
The energy density of the magnetic fields is assumed to be small during inflation. The magnetic
fluctuations generated by the inflationary expansion then amount to isocurvature perturbations
which seed the generation of adiabatic curvature perturbations. To leading order in the coupling
λ, the curvature perturbation induced by the magnetic fields is given by
ζB(t) = −
∫ t
t0
dt
H
ρ+ p
(
δpB − p˙
ρ˙
δρB
)
. (4.1)
Here we have assumed that no curvature perturbation was generated by the magnetic fields
before the time t0 so that ζB(t0) = 0. At any later time event t > t0 the curvature perturbation
then consists of ζ0 generated independently of magnetic fields and the induced contribution ζB
ζ(t) = ζ0(t) + ζB(t) . (4.2)
Using that ρ ' −p during inflation and that the magnetic energy density is given by
ρB = λBiBi/2 = 3pB we can rewrite equation (4.1) in conformal time η = −1/(aH) as
ζB(t) =
∫ η
η0
d ln η λ(η)
BiBi
3H2
. (4.3)
Here λ(η) is in general a time dependent quantity during inflation corresponding to a non-
minimal kinetic term for the vector fields. For canonical vector fields λ is one. In the following
we will neglect the time dependence of the Hubble rate H and the slow roll parameter  during
inflation and treat them as constants.
The induced curvature perturbation ζB will give two new contributions to the power spec-
trum of the primordial curvature perturbation. The two new contributions come from non-
vanishing two point functions of the form 〈ζBζB〉 and 〈ζ0ζB〉.
Assuming a power law time dependence for the vector fields on superhorizon scales (3.3) the
spectrum of the induced curvature perturbation from the 〈ζBζB〉 correlation function is given
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by
PζB(η, k) '
(
ΩB(η)

4− 2n
1− (−k0η)4−2n
)2
(4.4)
×
[ (
C1(n, k) + C2(n, k)
(
k0
k
)4−2n)(
1− (−kη)4−2n
4− 2n
)2
+2C3(n, k)
(
1
3(4− 2n) −
1
(4− 2n)(2n− 1) (−kη)
4−2n +
1
3(2n− 1) (−kη)
3
)]
,
where the coefficients Ci are given by equation (3.15). The energy density of the magnetic
fields, ρB = 3H
2ΩB is given by
〈ρB(η)〉 = λ
2a4
〈((∂iAj(t,x))(∂iAj(t,x))〉 (4.5)
=
CB
4pi2(4− 2n)
(
1−
(
k0
aH
)4−2n)
. (4.6)
The contribution to the induced power spectrum from the 〈ζ0ζB〉 correlation function, can
be evaluated using (2.2) and assuming that bNL is momentum independent, which is equivalent
to the local ansatz. One then finds
P(bNL)ζB (η, k) '
1
2
bNLPζ(k)
(
ΩB(η)

4− 2n
1− (−k0η)4−2n
)
×
1
4− 2n
(
log
(
k0
aH
)
− 1
4− 2n
(
k0
aH
)4−2n)
. (4.7)
4.1 The induced bispectrum amplitudes
The curvature perturbation induced by the magnetic fields is quadratic in the fluctuations of
the vector field Ai and hence obeys a non-Gaussian statistics. The generation of magnetic fields
may therefore significantly affect the three point function of primordial correlators as well as
higher order non-Gaussian statistics. Schematically, the three point correlator of primordial
perturbations takes the form
〈ζζζ〉 = 〈ζ0ζ0ζ0〉+ 3〈ζ0ζ0ζB〉+ 3〈ζ0ζBζB〉+ 〈ζBζBζB〉 . (4.8)
In the canonical slow roll inflation, the first term represents the pure inflaton contribution and
is slow roll suppressed. The magnetically induced terms may however be sizeable, depending
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on the model. Using equation (4.3) these can be written respectively as
〈ζ0(k1)ζ0(k2)ζB(k3)〉(η) = 1
3H2
η∫
−1/k3
dη′
λ(η′)
η′
〈 ζ0(k1, η)ζ0(k2, η)B2(k3, η′) 〉c , (4.9)
〈ζ0(k1)ζB(k2)ζB(k3)〉(η) =
(
1
3H2
)2 η∫
−1/k2
dη′
η∫
−1/k3
dη′′
λ(η′)λ(η′′)
η′η′′
× (4.10)
〈 ζ0(k1, η)B2(k2, η′)B2(k3, η′′) 〉c ,
〈ζB(k1)ζB(k2)ζB(k3)〉(η) =
(
1
3H2
)3 η∫
−1/k1
dη′
η∫
−1/k2
dη′′
η∫
−1/k3
dη′′′
λ(η′)λ(η′′)λ(η′′′)
η′η′′η′′′
× (4.11)
〈B2(k1, η′)B2(k2, η′′)B2(k3, η′′′) 〉c .
During inflation fluctuations of magnetic fields amount as isocurvature perturbations and the
total curvature perturbation ζ therefore keeps evolving on superhorizon scales. As the magnetic
energy density scales as radiation the isocurvature perturbations induced by magnetic fields
vanish as the universe becomes radiation dominated after the end of inflation and ζ freezes to
a constant value. We are therefore interested in evaluating the curvature perturbation ζ and
its correlators at the beginning of the radiation era which we assume coincides with the end of
inflation. In the following we will thus set η = ηend.
Using the power law assumption for the magnetic spectrum (3.3), the correlator (4.9) can
be written as
〈ζ0(k1)ζ0(k2)ζB(k3)〉(η) = 1
3H2
ηend∫
−1/k3
dη′
λ(η)
η′
(
η′
η
)4−2n
× (4.12)
〈 ζ0(k1)ζ0(k2)
∫
B(q)B(k3 − q) 〉c(η)×
θ(q − k0)θ(|k3 − q| − k0)θ(−1/η′ − q)θ(−1/η′ − |k3 − q|) .
Assuming the local Ansatz (2.7) for magnetic fields, the equal time correlator on the right hand
side of (4.12) is given by equation (3.6) after changing the limits integral in (3.6) to match with
those above. Inserting the expression (3.6) and performing the time integral we then arrive at
the result
〈ζ0(k1)ζ0(k2)ζB(k3)〉 ' (2pi)3δ(k1 + k2 + k3)Pζ(k1)Pζ(k2)ΩB

× (4.13)(
1
2
(blocalNL )
2 +
2
3
clocalNL
)
×
2
1− e(2n−4)N0
(
N3 +
e(2n−4)N0
2n− 4
(
1− e−(2n−4)N3))+ 2p. .
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Here N0 = ln(aend/a0) denotes the number of e-foldings from the onset of magnetic field gener-
ation a0 to the end of inflation and Ni = ln(aend/aki) the number of e-foldings from the horizon
exit of the mode ki.
It is conventional to parameterize the three point function by the parameter fNL measuring
the bispectrum amplitude normalized by the square of the spectrum, which is defined in terms
of the bispectrum
〈ζ(k1)ζ(k2)ζ(k2)〉 ≡ (2pi)3δ(3)(+k1 + k2 + k3)Bζ(k2,k3,k1) (4.14)
by
Bζ ≡ 6
5
fNL
∑
a<b
Pζ(ka)Pζ(kb) . (4.15)
The induced fNL generated by the correlator 〈ζζζB〉 is then given by
f ζζζBNL = −
5
18
(
3(blocalNL )
2 + 4clocalNL
) ΩB

1
1− e(2n−4)N0 × (4.16)(
k33N3 +
k33e
(2n−4)N0
2n− 4
(
1− e−(2n−4)N3))× (k31 + k32 + k33)−1 .
In a similar way, assuming the local Ansatz (2.7) and using equations (3.3), (3.12) and
(3.14) in (4.10) we find the non-linearity parameter associated to the correlator 〈ζ0ζBζB〉 given
by
f ζζBζBNL =
5
6
blocalNL
Pζ
(
ΩB

4− 2n
1− e(2n−4)N0
)2
× (4.17)[
k33
(
C1(n, k) + C2(n, k)e
(2n−4)(N0−N2)) e(2n−4)(N2−N3))((1− e(2n−1)N2)(1− e(2n−1)N3)
(4− 2n)2
)
+C3(n, k)k
3
3
(
1 + e(2n−1)(N3−N2)
)
1
(2n− 1)(4− 2n)
(
1− e(2n−4)N2
)
+C3(n)
2k33
3(2n− 1)(1 + e
−3N2) + 5p.
]
× [k31 + k32 + k33]−1 .
Here the coefficients Ci are given by equation (3.15).
Finally, using the expression for magnetic spectrum (3.3) in (4.11) and performing the
integrals one obtains for nearly equilateral configurations ki ∼ k the result [46] (see also [57])
f ζBζBζBNL ' −
1
P2ζ
(
ΩB

)3
5
9(4− 2n)
(
1− e(2n−4)(Nk−N0))(1− e(2n−4)Nk
1− e(2n−4)N0
)3
× (4.18)
8
3
(
1 + cos2(k1,k2) + 2p.
)
.
This expression gives the non-linearity parameter f ζBζBζBNL measuring the amplitude of the in-
duced bispectrum of the form2 〈ζBζBζB〉.
2The trispectrum induced by Gaussian magnetic fields were computed in [58].
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4.2 Observational constraints
The results of the Planck satellite place stringent constraints on the primordial non-Gaussianity.
These bounds can be used to place constraints on the magnetic non-linearity parameters blocalNL
and clocalNL in terms of equations (4.16) and (4.17). In this way the Planck constraints can open
interesting new insights on the gauge field couplings in the early universe.
Here we will exemplify the resulting constraints on blocalNL and c
local
NL concentrating on the case
of flat magnetic fields n = 2 only. In this limit the spectrum of curvature perturbations (4.4)
induced by the magnetic fields is given by
PζB =
16
3
(
ΩB

)2(
NCMB
N0
)2
(N0 −NCMB) , (4.19)
while from (4.7) we obtain the additional contribution
P(bNL)ζB =
1
2
bNL
(
ΩB

)
Pζ N0 . (4.20)
The energy density of magnetic fields at the time of inflation ΩB can be related to the
amplitude of magnetic fields today using
ΩB ∼ 10−7
(
Btoday
10−9G
)2
, (4.21)
where we have used that the magnetic energy density scales as radiation and that the radiation
energy density today is given by ρrad. ∼ 10−51 GeV4. Using this we can then express the
spectrum in the form
PζB ∼ 10−10
(
Btoday
10−9G
)4(
0.01

)2(
NCMB
N0
)2
(N0 −NCMB) . (4.22)
The direct magnetic field constraints by Planck set the bound Btoday <∼ 10−9 G [59] on Mpc
scales. As can be seen in equation (4.22), the indirect constraint from amplitude of induced
curvature perturbation PζB 6 Pζ = 2.44× 10−9 [59] is comparable [60] and can even be tighter
if  0.01 or the generation of magnetic fields started long before the horizon exit of observable
modes. For a further discussion of this latter point see the end of this section.
The contribution P
(bNL)
ζB
has not been considered before. From (4.20) and (4.21), we find
P(bNL)ζB ∼
1
2
bNL10
−5
(
Btoday
10−9G
)2(
0.01

)
Pζ N0 . (4.23)
Assuming Btoday ∼ 10−9 G and N0 ∼ 60 leads to an upper bound bNL <∼ 104. If bNL is
larger, it will imply a stronger upper bound on the magnetic field today, Btoday, than the model
independent bound inferred from (4.22).
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For the flat spectrum and in the the squeezed limit k1  k2 ∼ k3 the induced non-linearity
parameter of type f ζζζBNL (4.16) becomes
f ζζζBNL '
5
9
(
3(blocalNL )
2 + 4clocalNL
) ΩB

NCMB , (4.24)
where NCMB denotes the number of e-foldings from the horizon exit of observable modes.
Expressing the non-linearity parameter in terms of the magnetic field amplitude today and
using that NCMB ∼ 60, we find
f ζζζBNL ∼ 3× 10−4
(
3(blocalNL )
2 + 4clocalNL
)(Btoday
10−9G
)2(
0.01

)
. (4.25)
This should be contrasted with the Planck constraint on local non-Gaussianity −8.9 <
fNL < 14.3 (95% C.L.) [2]. The resulting bounds on the magnetic non-linearity parameters bNL
and cNL are illustrated in Figure 1. If the magnetic field amplitude is close to the observational
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Figure 1: The induced non-Gaussianity parameter f ζζζBNL as a function of bNL and cNL. The
regime compatible with the non-detection by Planck lies between the contours fNL = −8.9
and fNL = 14.3, bounding the Planck 2σ for fNL. The left panel corresponds to situation
Btoday = 10
−9 G marginally allowed by observations and corresponding to PζB ∼ Pζ and the
right panel depicts the case for Btoday = 10
−10 G where the magnetic contribution to curvature
perturbations is subdominant. Here we have set the inflationary slow roll parameter  = 0.01.
upper bound Btoday ∼ 10−9 G one obtains a tight constraint |bNL| <∼ 102, barring cancellations
against the parameter cNL. In this case the magnetic contribution to the amplitude of curvature
perturbations (4.22) is also non-negligible. For smaller magnetic field amplitudes the bounds
on bNL and cNL get relaxed as the the induced non-Gaussianity (4.25) scales as f
ζζζB
NL ∝ B2.
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In a similar way, in the flat case and squeezed limit the induced non-linearity parameter of
type f ζζBζBNL (4.17) takes the form
f ζζBζBNL ' 0.2bNL
(
Btoday
10−9G
)2(
0.01

)2(
NCMB
N0
)2
(N0 −NCMB) . (4.26)
Here we have used that Pζ = 2.44 × 10−9 [59] and ΩB ∼ 10−7B2todaynG−2. Comparing with
the result (4.25) we find that the induced non-Gaussianity of type f ζζBζBNL generically yields a
stronger constraint on bNL but the result depends on the duration of the epoch when magnetic
fields were generated. Setting conservatively N0 − NCMB = 5 and choosing NCMB = 60 one
obtains the constraints depicted in Figure 2.
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Figure 2: The induced non-Gaussianity parameter f ζζBζBNL as a function of bNL and Btoday. The
regime compatible with the non-detection by Planck lies below the contours fNL = −8.9 and
fNL = 14.3, corresponding to the 2σ region for fNL. Here we have set the inflationary slow roll
parameter  = 0.01 and assumed the magnetic field generation started 5 e-foldings before the
horizon exit of largest observable modes.
We reiterate that our result assumes the generation of magnetic fields started at some time
t0 corresponding to the horizon scale k0 = a0H0 and we assume this was before the horizon
crossing of largest observable modes t0 < tCMB. Formally we are then studying the statistics of
fluctuations in a patch of size k−10 which does not in general correspond to the statistics which
can be measured in the observable patch of size k−1CMB < k
−1
0 , see [61–69]. If k0  kCMB the
long-wavelength fluctuations of magnetic fields generate an effective background field for our
patch and we should instead consider the statistics of fluctuations around this background. In
order to avoid these complications here, we restrict to the case where N0 − NCMB <∼ O(10)
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so that difference of the statistics of fluctuations in the patches k−10 and k
−1
CMB is small unless
the curvature perturbation would be highly non-Gaussian [65]. This approach remains valid
even if the generation of magnetic fields would have started long before the horizon exit of
our observable modes but then implicitly assumes that patch k−10 occupies a region where the
effective background magnetic field vanishes.
5 Benchmark model
In order to estimate the natural values for bNL and cNL, we consider the non-Gaussianities
generated by amplification of magnetic fields during inflation in a specific model. We assume
the Lagrangian is of the form
L = 1
2
R− 1
2
∂µφ∂µφ− V (φ)− 1
4
λ(φ)FµνF
µν , (5.1)
where λ(φ) takes a power law form [26–32]
λ = λI
(
a
aI
)2n
, (5.2)
and aI denotes the end of inflation. We assume φ is a slowly rolling scalar field and consider
fluctuations around the homogeneous FRW background solution,
φ¯ = φ¯(t) , A¯µ = 0 . (5.3)
We concentrate on the exponent values n > −1/2 for which the large scale modes of the vector
potential Ai ∼ an/λ1/2 are nearly constant and the backreaction of the magnetic fields to the
inflationary dynamics can be kept small. But as already mentioned, the results in the other
regime can be obtained by use of the electromagnetic duality, which leaves the result invariant
under a simultaneous exchange of the electric and magnetic field and n→ −n [54–56].
The electromagnetic part of the action for perturbations is quadratic in Aµ, the fluctuation
of the vector potential around the zero background, including terms schematically of the form
Lpert. ⊃ A2ζm . (5.4)
Here ζ is the curvature perturbation and m is a positive integer. In the Coulomb gauge the
magnetic field is related to the vector potential as Bi = a
−2ijk∂jAk.
On superhorizon scales k  aH, and treating the Hubble rate during inflation as a constant
H = HI , the spectrum of the magnetic fields generated during inflation then takes the form
PB(η, k) =
4nΓ2(n+ 1/2)
λ(η)pi
H4I
k3
(−kη)4−2n . (5.5)
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Due to the fact that the vector potential is approximately constant, the energy density of the
electromagnetic field is dominated by the magnetic part
〈ρB(η)〉 = λ
2a4
〈((∂iAj(t,x))(∂iAj(t,x))〉 (5.6)
=
1
2
∫
dq3
(2pi)3
PB(η, q)θ(q − k0)θ(−1/η − q) (5.7)
=
4n−1Γ2(n+ 1/2)H4I
pi3(4− 2n)
(
1− e(2n−4)N0) . (5.8)
Here k0 corresponds to the largest scale at which inflationary magnetic fields are generated.
The contribution of the magnetic fields to the total energy density during inflation is then
controlled by
〈ρB(η)〉
ρtot.
= rTPζ 4
n−1Γ2(n+ 1/2)
6pi(4− 2n)
(
1− e(2n−4)N0) , (5.9)
where rT = 16 <∼ 0.02 is the tensor to scalar ratio. Using that Pζ = 2.4× 10−9 and requiring
that the magnetic fields remain subdominant for at least a period of 60 e-foldings one obtains
the constraint n <∼ 2.2 [42,43], unless the scale of inflation is very low [43].
The energy density of the magnetic fields sources the generation of adiabatic curvature
perturbation according to the formula (4.1). As the magnetic spectrum (5.5) is of the form
(3.3) the spectrum of induced curvature perturbation ζB is directly obtained from equation
(4.4) by substituting the corresponding value of CB. This yields the result
PζB(η, k) ' P2ζ
(
4n+1Γ2(n+ 1/2)
6pi
)2
× (5.10)[ (
C1(n, k) + C2(n, k)e
(2n−4)(N0−NCMB)(1− e(2n−4)NCMB
4− 2n
)2
+2C3(n, k)
(
1
3(4− 2n) −
1
(4− 2n)(2n− 1)e
(2n−4)NCMB +
1
3(2n− 1)e
3NCMB
)]
,
where the coefficients Ci are given by equation (3.15).
In the limit of a flat spectrum for the magnetic fields, n = 2, the leading part of the result
takes the simple logarithmic form
Pn=2ζB (η, k) = 192P2ζN2CMB(N0 −NCMB) . (5.11)
in agreement with [44]. For a discussion of this apparently coincidental agreement, see appendix
A.
Similarly, the bNL dependent contribution to the power spectrum gives in the flat limit
P(bNL)n=2ζB (η, k) = 3 bNLP2ζN20 . (5.12)
We notice that for moderate values of bNL, the new contribution to the power spectrum (5.12)
is the dominant one, although in the local approximation where bNL = −4, the contribution
(5.11) is larger.
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5.1 Induced bispectrum 〈ζ0ζ0ζB〉
In the squeezed limit the amplitude of the correlator 〈ζ0ζ0ζB〉 can be directly obtained from
equation (4.16) using the value of CB obtained by comparing the expressions (3.3) and (5.5).
This yields the result
f ζζζBNL = −20n2Pζ
4n+1Γ2(n+ 1/2)
18pi
× (5.13)
k33
4− 2n
(
N3 +
e(2n−4)N0
4− 2n
(
1− e−(2n−4)N3)+ 2p.)× (k31 + k32 + k33)−1 .
The non-detection of primordial bispectrum by Planck translates into constraints on the
parameters bNL and cNL. Their values for the benchmark model have been computed in appendix
B. In the limit of a flat spectrum of the magnetic fields n = 2, the induced bispectrum (4.13)
takes a local shape and the momentum dependence of the induced fNL vanishes
f ζζζB ,n=2NL = −80PζN20 . (5.14)
Thus, in the local approximation the induced bispectrum from 〈ζζB2〉 is well within the obser-
vational limits −8.9 < f localNL < 14.3 (95% C.L.) [2] for reasonable values of N0.
5.2 Induced bispectrum 〈ζ0ζBζB〉
In a similar way, substituting the CB obtained from (3.3) and (5.5) into equation (4.17) we find
that the non-linearity parameter induced by the cross correlator 〈ζ0ζBζB〉 in the squeezed limit
k1  k2 ∼ k3 is given by
f ζζBζBNL = −
10
6
nPζ
(
4n+1Γ2(n+ 1/2)
6pi
)2
×[
k33
(
C1(n) + C2(n)e
(2n−4)(N0−N2)) e(2n−4)(N2−N3))((1− e(2n−1)N2)(1− e(2n−1)N3)
(4− 2n)2
)
+C3(n)k
3
3
(
1 + e(2n−1)(N3−N2)
)
1
(2n− 1)(4− 2n)
(
1− e(2n−4)N2
)
+C3(n)
2k33
3(2n− 1)(1 + e
−3N2) + 5p.
]
× [k31 + k32 + k33]−1 . (5.15)
For the special case of a flat spectrum n = 2 for magnetic fields, the result takes the form
f ζζBζB ,n=2NL = −640Pζ
(
k33N3N2(N0 −N2) + 5p.
k31 + k
3
2 + k
3
3
)
. (5.16)
Using that within the squeezed limit approximation k1  k2 ∼ k3 and using Pζ = 2.4 × 10−9
we get the result
f ζζBζB ,n=2NL ∼ −16× 10−7N2 (N2(N0 −N1) +N1(N0 −N2)) . (5.17)
which is also within observational bounds for reasonable values of N0, N1 and N2
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Folded shape
Another important shape is the flattened limit k1 = 2k2 = 2k3, where it was earlier found
that the magnetic non-linearity parameter, bNL, can be large. It was calculated in [50] that
bNL ∼ 5760 in this shape, and the dominating contribution to the cross-correlation function
comes from
A ≈ pˆ · rˆ k
3
1
(pr)3/2
3(nB − 4) log(−(k1 + p+ r)τI) ,
D ≈ − k
3
1
(pr)3/2
3(nB − 4) log(−(k1 + p+ r)τI) , J = 0, (5.18)
as discussed in appendix C.
With this ansatz, we can carry out the angular integrals in the flattened limit k1 = 2k2 = 2k3
in the scale invariant case. The angular integrals then gives the leading contribution
〈ζ0(k1)B2(k2)B2(k3)〉c = 20(2pi)3δ(k1 + k2 + k3)Pζ(k1)PB(k2)
(
k1
k3
)3
Pζ (5.19)
× 3H
4
4pi2λ
3(nB − 4)(N0 −NCMB)
from which we can obtain
〈ζ0(k1)ζB(k2)ζB(k3)〉 = (2pi)3δ(k1 + k2 + k3)Pζ(k1)Pζ(k2)
(
k1
k3
)3 PζB
Pζ (5.20)
×− 15
2
(nB − 4)(N0 −NCMB)
If we insert the expression for PζB , we obtain
|f flat (ζζBζB)NL | ∼ 11520PζN2CMB (N0 −NCMB)2 . (5.21)
Taking Pζ = 2.4 × 10−9 and NCMB = 60, we note that N0 = 70 already induces large non-
Gaussianity.
5.3 Induced bispectrum 〈ζBζBζB〉
The integral in (4.11) can be evaluated using the magnetic spectrum (5.5) which gives the
time evolution of the magnetic fields on superhorizon scales. For n > 1/2 and for momentum
configurations with ki ∼ k, the induced three point function is given by [46]
〈ζB(k1)ζB(k2)ζB(k3)〉c ' (2pi)3δ(k1 + k2 + k3)Pζ(k1)Pζ(k2)Pζ
(
4n+1Γ2(n+ 1/2)
3pi
)3
(5.22)
2 + 2cos2(k1,k2)
3(4− 2n)4
(
1− e(4−2n)(NCMB−N0)) (e−(4−2n)NCMB − 1)3 + 2p.
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The corresponding contribution to the non-linearity parameter fNL reads
f ζBζBζBNL ' Pζ
(
4n+1Γ2(n+ 1/2)
3pi
)3
5
9(4− 2n)4
(
1− e(4−2n)(NCMB−N0)) (e−(4−2n)NCMB − 1)3 ×
k33(1 + cos
2(k1,k2)) + 2p.
k31 + k
3
2 + k
3
3
. (5.23)
In the limit of a flat spectrum for magnetic fields n = 2 and for the folded shape k ≡ k1 =
−2k2 = −2k3, we then obtain
|f ζBζBζB ,n=2NL | = 1536PζN3CMB(N0 −NCMB) . (5.24)
which is shown in the rightmost panel of Figure 3 and Figure 4 and compared with f ζζBζB ,n=2NL
in (5.21) shown in the leftmost panel of Figure 3 and Figure 4.
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Figure 3: The induced |fNL| as a function of the scale Nk = ln(k/a0H0) in the case where the
total number of e-folds is Ntotal = 60. The left panel is |f ζζBζBNL | and the right panel is |f ζBζBζBNL |.
We see that for very moderate amount of total inflation, slightly more that the required 60
e-folds, the new non-Gaussian contribution to the CMB from f ζζBζB ,n=2NL in (5.21) can be very
large on CMB scales, and potentially provide very strong constraints on the model.
6 Summary and conclusions
We have studied the constraints on gauge field production during inflation imposed by requiring
that their effect on the CMB anisotropies are subdominant. Focussing on the non-Gaussianity
induced by the gauge field production, we studied for the first time the bispectrum of the
primordial curvature perturbation induced by the cross correlation between the curvature per-
turbation induced by the inflaton and the curvature perturbation induced by the magnetic field,
defined by the gauge field. In order to make this study as model-independent as possible, we
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Figure 4: The induced |fNL| as a function of the scale Nk = ln(k/a0H0) in the case where the
total number of e-folds is Ntotal = 70. The left panel is |f ζζBζBNL | and the right panel is |f ζBζBζBNL |
used a general parametrization of the cross correlation between the magnetic field, and the pri-
mordial curvature perturbation in terms of the magnetic non-linearity parameters. In order to
facilitate this parametrization, we have defined the magnetic non-linearity parameters βNL, cNL
characterizing the strength of the four point function 〈ζ0ζ0B2〉, in addition to the non-linearity
parameter bNL parametrizing the strength of the three-point cross-correlation function 〈ζ0B2〉.
In appendix B the non-linearity p! arameters were computed in the squeezed limit.
Since the magnetic field squared B2 acts as a non-Gaussian iso-curvature perturbation
during inflation, it induces a non-Gaussian primordial curvature perturbation ζB. As a measure
of this non-Gaussianity, we have computed the induced primordial curvature bispectrum from
the contributions of the form 〈ζ0ζ0ζB〉, 〈ζ0ζBζB〉 and 〈ζBζBζB〉. The first two of these depend
on bNL and cNL and can be used to derive observational constrains on the magnetic non-
linearity parameters. Assuming a power law parametrization for the spectrum of the magnetic
fields produced during inflation but treating the coupling λ(φ) as a free function, we have then
derived the observational constraints on bNL and cNL.
In particular we have shown that in a general class of models, the new contribution to the
bispectrum of the primordial curvature perturbation from 〈ζ0ζBζB〉 can be the dominant source
of non-Gaussianity and lead to a large non-Gaussian contribution in the folded shape if inflation
last only slightly longer than the required 60 e-folds. This implies new strong phenomenological
constraints on gauge field production in this class of models when compared with the absence
of a non-Gaussian primordial signal as observed by the Planck satellite [2].
If inflation last much longer than the observable 60 e-folds, the results presented here will
provide the average correlation function in the full inflated volume, while the observed corre-
lation function may deviate from this value [61–70]. In this case, one should treat the long
wavelength modes as a homogenous background for the shorter wavelength modes within the
observable region, which by its vector nature breaks isotropy. In that case effects similar to those
discussed here leads to further new constraints on the magnetic non-linearity parameters by
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their anisotopic contribution to the power spectrum and bispectrum of the curvature perturba-
tion. The analogous bNL independent effects was discussed in [71] (see also [72–75]). While it is
beyond the scope of the present work, it would be interesting in the future to study also the new
sources of anisotropy from the cross correlation functions of the magnetic field with the inflaton.
Acknowledgments: SN is supported by the Academy of Finland grant 257532 and MSS
is support by a Lundbeck Foundation Jr. Group Leader Fellowship.
A Source term in the scale-invariant limit
From the definition of the curvature perturbation in terms of the inflaton and gauge field
curvature perturbations
ζ = ζφ + ζ˜B (A.1)
we have the equations governing their time-evolution derived in (1.7) in the introduction
ζ˙φ = H
Q
ρ˙
, ˙˜ζB = −HQ
ρ˙
− H
ρ+ p
δPnad (A.2)
where
δPnad = δpB − p˙
ρ˙
δρB =
4
3
δρB . (A.3)
It follows from (A.1) and (A.2) that only if
H
Q
ρ˙
= − H
ρ+ p
δPnad , (A.4)
it is consistent to assume
ζ˙ = ζ˙φ +
˙˜ζB ≈ ζ˙φ = HQ
ρ˙
, (A.5)
like in [44,45], instead of using the more generally valid expression
ζ˙ = − H
ρ+ p
δPnad . (A.6)
Since the source term, Q, is given by
Q =
λ˙
λ
δρB (A.7)
then with the assumption of a power-law behavior λ = λ0(a/a0)
2n, such that λ˙/λ = 2nH, we
have that the condition (A.4) for the approximations in [44,45] to be valid, becomes equivalent
the the condition
2n
H2
ρ˙
δρB = −4
3
H
ρ+ p
δρB (A.8)
where we used (A.3). Now using that ρ˙ = −3(ρ+p), we have that this condition is only satisfied
in the flat case when n = 2. This explains why [44,45] finds the right spectrum PζB in the flat
limit, even if their treatment is generally formally inconsistent.
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B Parametrization of PB(k) and local magnetic non-linearity
parameters
We briefly review the magnetic consistency relation for blocalNL [49], and generalize it to c
local
NL .
Let us consider the basic correlation function 〈ζ0(τI ,k1)Ai(τI ,k2)Aj(τI ,k3)〉 in the squeezed
limit k1  k2, k3. In this limit, the only effect of the long wavelength mode ζ0(τ,k1) is to locally
rescale the background as a→ aB = eζBa when computing the correlation functions on shorter
scales given by k2, k3, and one can therefore as usual write
lim
k1,...,kn→0
〈ζ0(τI ,k1) . . . ζ0(τI ,kn)Ai(τI ,kn+1)Aj(τI ,kn+2)〉
=
〈
ζ0(τI ,k1) . . . ζ0(τI ,kn) 〈Ai(τI ,kn+1)Aj(τI ,kn+2)〉ζ0
〉
. (B.1)
Here 〈Ai(τI ,k2)Aj(τI ,k3)〉ζ0 is the correlation function of the short wavelength modes in the
background of the long wavelength modes of ζ0 .
Since the equations of motion of the gauge field are conformal invariant in the absence of
the coupling λ(φ), it follows that the gauge field only feels the background expansion through
the coupling λ, where λ depends on the scale factor through φ. Using that the gauge field scales
like 1/
√
λ, then in order to evaluate the correlation function for a non-trivial λ, one can then
write Ai(τ,k) in terms of the Gaussian field Ai(τ,k) =
√
(λ0/λ)A
(G)
i (τ,k), where the Gaussian
gauge field A
(G)
i (τ,k) is defined with a homogeneous background coupling, λ0, and then expand
λ = λ(a) around the homogenous background value,
λ = λ0 +
dλ0
d ln a
δ ln a+
1
2
d2λ0
d ln a2
δ ln a2 + · · · = λ0 + dλ0
d ln a
ζ0 +
1
2
d2λ0
d ln a2
ζ20 + . . . . (B.2)
which yields
Ai(τ,k) = A
(G)
i (τ,k)
(
1− 1
2
1
H
λ˙
λ
ζ0 +
(
3
8
1
H2
λ˙2
λ2
− 1
4
1
H2
λ¨
λ
)
ζ20 + . . .
)
(B.3)
By comparison with the definitions of bNL and cNL in equation (2.7), we conclude that
bNL = − 1
H
λ˙
λ
(B.4)
and
cNL =
9
4
1
H2
λ˙2
λ2
− 3
2
1
H2
λ¨
λ
. (B.5)
Finally by inserting the expansion (B.3) into (B.1), we can reproduce the consistency rela-
tions
lim
k1→0
〈ζ0(τI ,k1)B(τI ,k2) ·B(τI ,k3)〉
= − 1
H
λ˙
λ
(2pi)3δ(3)(k1 + k2 + k3)Pζ(k1)PB(k2) (B.6)
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and
lim
k1,k2→0
〈ζ(τI ,k1)ζ0(τI ,k2)B(τI ,k3) ·B(τI ,k4)〉
=
(
2
1
H2
λ˙2
λ2
− 1
H2
λ¨
λ
)
(2pi)3δ(3)(k1 + k2 + k3 + k4)Pζ(k1)Pζ(k2)PB(k3) (B.7)
Using the power-law assumption for the coupling in terms of the scale-factor, λ ∝ a2n(t),
when then obtain from (B.4) and (B.5)
bNL = −2n = nB − 4 , cNL = 3
4
b2NL . (B.8)
Therefore, in this case the magnetic non-linearity parameters are fully determined by the ex-
ponent. The magnetic spectrum also takes a power law form PB ∝ k1−2n as can be seen in its
explicit expression (5.5).
In most of the paper we have for simplicity assumed the magnetic spectrum, PB(k), to have
a power law form. If this is derived from assuming that the coupling, λ, also have the simple
power law form, then we have just seen how bNL and cNL are fixed the power law index n. If
the power law assumption for λ was the only way to obtain a power law form for the magnetic
spectrum, PB(k), it would therefore not make much sense to constrain bNL and cNL in a model
independent way. Here we will therefore demonstrate with a concrete example that a power law
spectrum PB (3.3) can be generated also for more general couplings λ(a) which are not of the
simple power law form. In this case the magnetic non-linearity parameters bNL and cNL are in
general independent of each other and their magnitudes are not determined by the properties
of the spectrum.
We work in the Coulomb gauge specified by the conditions A0 = 0 and ∂iAi = 0. The
spatial part of the vector potential is then decomposed in the standard way
Aik =
∑
σ=±
(
iσ(k)e
ik·xaˆσ(k)Ak + h.c.
)
, (B.9)
where the polarization operators satisfy ki
σ
i = 0, 
σ
i 
σ′
i
∗
= δσσ
′
, σi 
σ
j
∗ = δij − kikj/k2.
The commutation relations of the creation /annihilation operators are given by [aˆσk, aˆ
σ′
k′
†] =
(2pi)2δ(k− k′)δσσ′ . The equation of motion is then given by
(
√
λAk)
′′ +
(
k2 − (
√
λ)′′√
λ
)√
λAk = 0 , (B.10)
where the prime denotes a derivative with respect to the conformal time η = −1/(aH). In the
superhorizon limit k  −1/η the gradient term in (B.10) can be neglected and the equation of
motion recast in the simple form
(λA′k)
′ = 0 . (B.11)
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Using the definitions above we can expand the coupling λ(a) as
λ(a) = λ0
(
1− bNLln a
a0
+
(
3
4
b2NL −
1
3
cNL
)
ln2
a
a0
+ . . .
)
. (B.12)
Substituting this into (B.11) we can express the superhorizon solution for the vector potential
in the integral form
Ak(a) =
D
a0Hλ0
ln(a/a0)∫
0
dx
ex(1− bNLx− (3b2NL/4− cNL/3)x2 + . . .)
. (B.13)
where D is a constant to be determined by matching with the subhorizon solution. Setting
now cNL = 9b
2
NL/4 so that the second order term in (B.12) vanishes, neglecting the higher order
corrections denoted by the ellipsis, we obtain the result
Ak(a) =
D
a0Hλ0
e1/bNL
bNL
(Ei(−1/bNL − ln(a/a0))− Ei(−1/bNL)) . (B.14)
Here Ei(z) denotes the exponential integral Ei(z) = − ∫∞−z dte−t/t. To determine the constant
D we match this superhorizon solution with the subhorizon solution Asubk = e
ikη/
√
kλ(η) at
horizon crossing by setting |Ak(a = k/H)| = |Asubk (a = k/H)|. This renders the superhorizon
result in the form
Ak(a k/H) = 1√
kλ(k/H)
Ei(−1/bNL − ln(a/a0))− Ei(−1/bNL)
Ei(−1/bNL − ln(k/k0))− Ei(−1/bNL) ≈
1√
kλ(k/H)
, (B.15)
where the last approximative form holds in the limit k  k0 and k0 = a0H. Taking the limit
k  k0 of the superhorizon result implies that a/a0  k/(a0H)  1. In other words this
corresponds considering modes k bigger than the expansion scale k0 long after the horizon
crossing of the mode k0.
Using the asymptotic result for the vector potential Ak(a) ≈ 1/
√
kλ(k/H) we can then
work out the corresponding spectrum of magnetic fields. The result is given by
PB(η, k) = 2
k2
a4
|Ak(η)|2 (B.16)
=
2H4
λ(η)
1− bNLln(−k0η)
1− bNLln(k/k0) (−kη)
4k−3
≈ 2H
4
λ(η)
(−kη)4−1/ln(k/k0)k−3 ,
where in the last step we have used that ln(k/k0)  1. Therefore, in this limit we find that
the power spectrum of the magnetic fields is approximatively of the power law form (3.3) even
if the coupling is given by λ = λ0(1− bNLln(a/a0)) instead of a power law λ ∝ an.
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As a an explicit toy example it shows, that if we choose the coupling constant to be a
constant up to a logarithmic correction, then as expected it reproduce the spectrum with a
constant coupling function up to logarithmic corrections, but interestingly now bNL is a free
parameter. Although the generated magnetic field at the end of inflation is small in this model,
and therefore not of great phenomenological interest, it serves as a useful demonstration model
for the purpose of showing that in general bNL and cNL should treated as free parameters in a
general treatment.
In fact, as also discussed in the introduction, we might expect that the relation between the
form of the coupling, λ, and the magnetic non-linearity parameters, will be different in models
with deviations from the Bunchs-Davis vacuum or with extra degrees of freedom.
C The tensor structure of the cross-correlation bispec-
trum
Analogous to (2.1), it is convenient to introduce also a tensor bispectrum, where the magnetic
fields are left uncontracted
〈ζ(k1)Bi(k2)Bj(k3)〉 ≡ (2pi)3δ(3)(k1 + k2 + k3)BζBBij (k1,k2,k3) . (C.1)
The tensor cross-correlation bispectrum of the curvature perturbation with the magnetic
field, is constructed from the more fundamental correlation function of the curvature perturba-
tion with the vector field itself 〈ζ(k1)Ai(k2)Aj(k3)〉, which places some constraints on its general
form. We will assume that 〈ζ(k1)Ai(k2)Aj(k3)〉 is a tensor function of kˆ2 and kˆ3
〈ζ(k1)Ai(k2)Aj(k3)〉 = (2pi)3δ(3)(k1 + k2 + k3)
[
Aδij +B(kˆ2ikˆ2j + kˆ3ikˆ3j)
+Ckˆ2ikˆ3j +Dkˆ2j kˆ3i + Ekˆ2i(kˆ2 × kˆ3)j + F kˆ2j(kˆ2 × kˆ3)i
+Gkˆ3i(kˆ2 × kˆ3)j +Hkˆ3j(kˆ2 × kˆ3)i
+J(kˆ2 × kˆ3)i(kˆ2 × kˆ3)j)
]
|ζk1|2|Ak2||Ak3| . (C.2)
where ζk and Ak are the mode functions of the curvature perturbation and the vector field
respectively. Using that the correlation function is invariant under the exchange of Ai(k2) and
Aj(k3), we have E = F and G = H, and using
〈ζ(k1)Bi(k2)Bj(k3)〉 = ilkjmnkl2km3
〈
ζ(k1)A
k(k2)A
n(k3)
〉
, (C.3)
we obtain
BζBBij =
[
A(δijδlm − δimδlj)kˆ2lkˆ3m +D(kˆ2 × kˆ3)i(kˆ2 × kˆ3)j
+G((kˆ2 × kˆ3)i(kˆ2 − kˆ3kˆ2 · kˆ3)j − (kˆ2 × kˆ3)j(kˆ2 − kˆ3kˆ2 · kˆ3)i)
+J(kˆ2kˆ2 · kˆ3 − kˆ3)i(kˆ2 − kˆ3kˆ2 · kˆ3)j
]
Pζ(k1)
√
PB(k2)PB(k3) . (C.4)
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The trace of the magnetic non-linearity parameter bNL is given by the trace of B
ζBB
ij ,
bNL = 2
Tr(BζBB)
Pζ(k1)(PB(k2) + PB(k3))
, (C.5)
where with k2 · k3 = k2k3 cos θ, we have
Tr(BζBB) = (2A cos θ +D sin2 θ + J sin2 θ cos θ)Pζ(k1)
√
PB(k2)PB(k3) . (C.6)
In the squeezed limit, we have cos θ = −1 and in the flattened shape, we have cos = 1 and
k2 = k3. Thus in these shapes, we have
blocalNL = −2A , bflatNL = 2A . (C.7)
Another simple shape is the orthogonal shape cos θ = 0, for which we have
borthogonalNL = 2D
√
PB(k2)PB(k3)
PB(k2) + PB(k3)
. (C.8)
On the other hand the equilateral shape contains contributions from both A,D and J .
By noticing the fact that the de Sitter isometries becomes the conformal group on the future
boundary of de Sitter space, it has been argued that one can use this conformal symmetry to con-
strain the asymptotic super horizon structure of the correlation function in 〈ζ(k1)Ai(k2)Aj(k3)〉
in (C.2) [51]. The result of [51] obtained with n = 2, can be reproduced in the current
parametrization in (C.2) by taking A = −(kˆ2 · kˆ3)D and B = C = F = G = H = J = 0. This
means that in this case by symmetries alone, we can determine that the leading logarithmical
divergent contribution at late time, is given by A, D up to an overall numerical factor. The
precise calculation of the full correlation function shows that in this case, the dominant term
in the limit log(−ktτ)→∞ are
A ≈ kˆ2 · kˆ3 k
3
1
(k2k3)3/2
3(nB − 4) log(−ktτI) , D ≈ − k
3
1
(k2k3)3/2
3(nB − 4) log(−ktτI) , (C.9)
where kt = k1 +k2 +k3. One important subtlety of this argument is however that these leading
logarithmic terms are suppressed by a factor of k31, which vanishes in the exactly squeezed limit
k1 → 0. Instead, as mention above, in the squeezeed limit we can identify A with −blocalNL /2,
which can be obtained from the squeezed limit magnetic consistency relation [49,50].
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